PHYSICAL REVIEW E VOLUME 57, NUMBER 5 MAY 1998

Quantum wells in tilted fields: Semiclassical analysis and experimental evidence
for effects “beyond” periodic orbits
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Quantum wells in tilted fields are of great current interest as experimental probes of the transition to chaos
in a mesoscopic system. Here we carry out an analysis of quantal and experimental periodi®©rbit
amplitudes for tilt angle®=11° and 27°. We calculate stability parameters and test the quantal and experi-
mental results against a recently proposed theoretical periodic orbit formula. We find that many experimental
features are understood in terms of torus states, ghosts, and bifurcations rather than isolated periodic orbits. We
analyze previously unexplained jumps in period-one current at low fields and show these to be due to the
changes in the quantum number of the most accessible torus state. We estimate that about one-quarter of the
I-V oscillations in these experiments are dominated by ghost contribyongplex periodic orbifs We find
that only a small fraction of bifurcations of accessible periodic orbits are visible experimentally. Agreement
with the simplified PO formula is only qualitative and the limitations of the theory are discussed.
[S1063-651%98)12804-7

PACS numbegps): 05.45+b, 03.65.Sq, 73.20.Dx

I. INTRODUCTION For the case of the RTD it is clear from past work that the
contribution from a periodic orbitPO) p to the current is
The magnetotunneling spectrum of the resonant tunnelingetermined mainly by two factorsl) a tunneling propensity
diode(RTD) is a new experimental probe of quantum chaosyy, encompassing information about the accessibility of the
Oscillations in the current-voltagé -V) traces have been pQ tg electrons tunneling from the 2DE@he electronic
associated with the effects of unstable periodic orpifs  giate prior to tunnelingand(2) classical properties of the PO

This system has been the subject of several recent theoreticglch as the elements of its two-dimensional stability matrix
and experimental studies, e.§2—7]. For example, experi-

- . B g p .
ments reported irf2] investigated the transition between Recently a semiclassical theory was proposefiLBj. In

regularity and chaos. They measured a large humbér\bf : . . L. :
traces for many values of the magnetic field and of the tiithis theory the current is weighted byl/m,, wheremy, is

angle 6 between the applied voltage and the magnetic fieldf”‘n off-diagonal element d¥l, . In contrast, we note that the

enabling one to exploit the scaling properties of the classica‘f"eighting for the atomic theory of photoabsorptifie] is

dynamics. Vv1/my, so is related to thether off-diagonal element of the
Quantum calculations of the tunneling current have beefnonodromy matrix. _ . _
performed’ eg[5,6:| where fu”y quanta" -V traces were An aim of this work is to place constraints on semiclassi-

calculated and compared with experiment.[th6] scaled cal theories by carrying out a careful quantitative analysis of
quantum solutions of the problem were developed for fixedexperimental and quantal PO amplitudes. We also carry out a
classical dynamics. A model for the tunneling probability stability analysis of the accessible POs. We use these to test
was developed that showed that, for weak tunneling, the relahe validity of the periodic orbit theory proposed|ib6].
tive amplitudes of the periodic orbit oscillations are insensi- Our main finding here is that most of the experimental
tive to the barrier shapes. [B] it was shown that the scaled data cannot be understood in terms of contributions from the
guantum spectra can be used to obtain characteristic line pratose vicinity of isolated POghe regime of the Gutzwiller
files corresponding to specific classical dynamical regimes itrace formuld In the regime dominated by a large stable
the experiment. island, the experiments show a sequence of “jumps” in the
Although such studies have already exposed a number gferiod-one current. We attribute these to the effects of torus
interesting dynamical regimes including bifurcation effects,quantization; the accessibility of outer torus states of a large
e.g.,[2-7], many experimental features remain poorly under-stable island can differ greatly from the accessibility of states
stood. Some of the interpretation of data is still controversialocalized on the central PO. The jumps occur as the quantum
[8-10. number of the most accessible states steps up through a se-
The major gap in understanding is the absence of a widelyies of K=0,1,2,... tori. We propose a simple model based
accepted quantitative theory for the semiclassical current. lon Miller quantization that gives excellent agreement with
the case of the archetypical example of quantum chaos, thguantal calculations.
atom in a magnetic field, a semiclassical theory for the pho- In addition we find two wide ranges covering over one-
toabsorption — closed orbit theorydistinct from the quarter of the-V traces where there are substantial quantal
Gutzwiller trace formula— has been developed and shown and experimental current oscillations but there is no real or
to give excellent results for hydrogen and other atdrls-  accessible periodic orbit that could account for the results.
15]. We attribute these oscillations mainly to “ghost” contribu-
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tion since they lie below tangent bifurcations. However,=B?L/mF=L/me wheree=F/B?2. The dimensionless param-
ghost contributions should decay exponentially below a bietersR andp represent the ratio of, respectively, the injec-
furcation and the reason why these contributions persist stion energy and the diamagnetic energy inside the well to the
far below the bifurcation remains poorly understood. potential energy due to the bias voltage. The voltage drop
We find many bifurcations, only a few of which are sig- across the welFL is approximately equal to the applied
nificant in the experiment. The reasons that some bifurcavoltageV across the whole devic@vell plus barriers FL

tions are visible experimentally and others are (@ten =V. In the experimentd =120 nm andR=0.15 are con-
when the PO is accessible to the tunneling elecrams  stant. Hence we investigate simply the dynamical behavior
analyzed. as a function ofe=F/B? for eaché.

We find agreement with the semiclassical theorjid] is In our previous work we demonstrated that the quantum
at best qualitative. The reasons for the discrepancies are dispectrum and the experiments can exploit this scaling prop-
cussed. erty. For example, the classical action along a trajectory be-

In Sec. Il we discuss the device and the quantal calculacomes
tions, including the inversg spectroscopy, which we use to
calculate “periodic orbit” amplitudes from quantal calcula-
tions. In Sec. 1l we discuss the experimental data reduction,
which we use to obtain and normalize experimental ampli- )
tudes. In Sec. IV we describe the semiclassical theory an#hich implies thaB~* plays the role of an effective Planck
the calculation of semiclassical amplitudes. In Sec. V weconstant. Below we use the notatipr-p/B. .
analyze the classical stability and the important bifurcations. We solve the scaled and “rearranged” Sotfirmger’s
We show surfaces of section and give a qualitative discus€duation at fixed? and fixede [6]:
sion of the relative importance of accessibility versus stabil-
ity for the main POs. In Sec. VI we present an analysis of the
experimental oscillations. In Sec. VIl the results of the com-
parison between quantal, semiclassical, and experimental
amplitudes are presented. In Sec. VIIl we present a moddh this case, thégeneralizedl eigenvaluesB; are the mag-
and calculations for the stable torus-quantization regime. Finetic field values. Because of the classical scaling, all states
nally, we present our conclusions and summarize our findeorrespond to the same classical dynamics. As the action
ings. scales withB, as seen in Eq1), the effect of classical orbits

appears in the semiclassical spectrumBofas modulations

Il. THE RTD PROBLEM: QUANTUM SPECTRUM of constant frequencies, given by their scaled actfe).
We can use Fourier transfornggT) of |(B) to “invert” a
quantum spectrum and obtain the frequencies, as well as the
amplitudesAS™, for the pth PO contribution to the current.
This technique is sometimes termed invefisspectroscopy,
since a FT is carried out with respect#o ®. The frequen-
cies, which can be obtained to within 1% accuracy, allow us
in many cases to distinguish different PO contributions to the
current.

Our Fourier transforms of the spectra were actually car-
ried out with respect to a rescaled magnetic fidldiefined
by N=BLy2mLe(R+ 1/2)/7h. This rescaled field provides

S(E,F,B)=f de=Bf5da:B§<R’f)' @

~ ~ _ 1
{(xsind—zcoh)?—2me(x+RL)} ¢, = ?Vzwi .

The resonant tunneling diodd] problem consists of a
single quantum well with barriers at&=0 andx=L, acted on
by an electric field= along thex axis (directed towards nega-
tive xX) due to an applied voltage and a magnetic field of
strengthB, tilted at an anglé® to —F in the x-z plane. Elec-
trons tunnel in through the emitter barrier 0 from an outer
two-dimensional electron ga@DEG) accumulation layer
and out through the collector barrieratL, resulting in a
currentl (V). The dynamics within the well can be reduced
to a 2D motion in thex-z plane, which is described by the

Hamiltonian a more convenient unit for the action since then a period-one
1 B2e2 current corresponds to an orbit of action close to unity.
H=E=5—(p5+p2)+ —5—(xsing—zcosH)?— eFx Calculation of the current requires weighting the density
2m 2m of states by the tunneling probabilities:
with specular bounces at the barriers. In atomic uhitsl )
and the electrons have a charge+1 and a masam |(N)=Ei [Wil#8(N=N;).
=0.067.

The major reason the analogous atom in a field system hgsor weak tunneling thew; may be obtained from the
proved to be such a powerful probe of quantum chaos is thagardeen Hamiltonian transfer matrjt7], which gives the
it has a classical scaling property that enabled detailed quarpupling between an initial staig,, i.e., the solution on the
titative comparisons with semiclassical periodic orbit typejeft of the emitter wall for the separable limit, with the .
theories. The RTD also has such a property and its effectivefhe ¢, are generally in the lowest in-plane Landau state
ness in the calculation of quantum currents has been demon-g_ \ith that assumption, ouw; depend only on the
strated[6]. =0 component of the eigenstates in the well[6ihwe pro-

Classical scaling in the lo& limit has been found if3]. posed a simplified tunneling model, which was shown to
For arbitraryE, by rescaling momenta and position through yield results proportional to the Bardeen values — to within
p=p/B and g=q, one can showW6] that, for fixedd, the  a smooth global envelope — in the case of weak tunneling.
classical dynamics depends only ofR=E/FL, p Here we have extended those calculations considerably.
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FIG. 1. Experimental data plotting the positions of maxima in duced currentg=1.5/G(E) where the global tunneling envelope
the I(V) traces as a function of magnetic fiskl The curves are CG(E) has been eliminated.
parabolas of constani¥/B2, which correspond approximately to
constant classical dynamics. They are labeled with the value of  In previous work e.g/,2,6,7] the analysis concentrated on
=F/B? PD1, PD2, and PD3 denote period-doubling regions. Theexplaining the position, i.e., thé-B range occupied by these
features associated with the changeover of the quantum number fatures, mainly in terms of bifurcations. The amplitudes of
the torus series with the strongest current amplitude are indicated bthe experimental oscillations were not considered. In other
the torusK quantum numberga) §=11°. (b) 6=27°. work, the experimental®l/dV? was plotted 5] since differ-

, ) entiatingl (V) enhances its oscillatory character.

About 100 000 eigenstates were calculated at diffeeefar Here we suggest a procedure for extracting the experi-

6=11° and 27°. All quantum states corresponding to an apmental amplitudes from the data in order to compare directly
plu_ad voltageV=FL in the range 0.1-1.1V were obtained. with semiclassical and guantal PO amplitudes.

This voltage range corresponds alsoNoin the rangeN There are of course many uncertainties in the experimen-
~12-42. Hence the average effective: IIN~1/27 forall  ta| parameters. However, because the classical dynamics de-
our quantum amplitudes. The precise number of states in thigend only on two dimensionless scaled parameters these will
range varied withe but ranged from 500 to 2000 states for only smoothly distort or displace the parabolas. Such effects
different e. We then used inverse-spectroscopy to obtain appear as a displacement between our quantum results and
the period-one and period-two current amplitudé$', from  the corresponding experimental feature. For instance, the ap-

the quantum spectra, as a functioneof plied voltage is proportional but not equalfd.. There may
also be variations in the effective mass, which is voltage
Ill. EXPERIMENTAL DATA REDUCTION dependentm=0.067 (V). In this case, since appears only

as the productV a change imm appears as a displacement

Because of the classical scaling, the curves of constarin the value of the voltage corresponding to a certain behav-
classical dynamics should lie along parabolas of constaribr. We circumvented this problem in part by considering
V/B2. Some of these parabolas are shown in the experimertheoretical data for most possible values of the parameters
tal “fan” diagrams of [2] reproduced in Fig. 1. Here the spanned by the experiment, and hence identifying the
maxima in the current oscillations are plotted as a function oflightly displaced features.
magnetic field ford=11° and 27°. Two period-doubling re-  The experimental resolution is limited by inelastic pro-
gions(PD1 and PD2stand out clearly at 11°. A single large cesses and also, at high by coupling to the continuum due
region (PD3 dominates most of the 27° experiment. We to the finite height of the barriers: there is a voltage depen-
indicate also two smaller regions, which we denéte0 dence to the linewidth even f@=0. This effect was inves-
—1,1-2 where the period-one current jumps abruptly.tigated in[6] where the width of th&=0 trace was used to
These are shown belo@@ee Sec. VIl to be due to the effect estimate a voltage-dependent broadening.
of changes in quantum numb#r of the torus state, which In Fig. 2 we demonstrate how we analyze the data in
dominates the current. Similar features were seen in experterms of a reduced spectrum. (@) a raw | (V) trace is
ments at other tilt angles. shown for thed=B=0 case. In(b) we showl z~=1—1¢
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where the smooth terrh,, has been subtracted. This leavesglecting incoherent processes and overall factors due to re-
only the oscillating(PO) contributions, convolved with a flections against the barriers, one obtains
smooth, global energy-dependent enveldpéE) with E
=7RV. At B=0 one would expect only a single period-one o > 2
contribution due to straight-line motion bouncing back and I(E)=Re>, f dzf dz'my, %S g~ Bz 22,
forth between the wallsG(E) is due simply to the details of ¢!
the tunneling and the initial state on the left of the emitter i
barrier. For higher voltage there is substantial coupling to th&/here miz=4d2/dp, . To evaluate the integrals, further sta-
continuum due mainly to escape over the second barrier. Ouionary phase approximations are needed18) it was con-
theoretical calculations also yield a smooth envelope, whiclgluded that the stationary phase conditions @z
is dynamically uninteresting. For the theory it is simply pro- =dS/dz’ =0, which imply that only orbits with initialpZO
portional toB? [6] so it is easily eliminated. =0 contribute to the current. These orbits must be periodic

In the experiment we estimate this from the 0° traces.  orbits or in special cases segments of periodic orbits. This is
ForB=0-5 T, G(E) is insensitive toB. For higher fields one respect in which this theory deviates substantially from
the position and height of the maximum G{E) as seen in the Gutzwiller trace formula, since in that case stationary
Fig. 2(b) depends orB for voltagesV>0.6 V. We have phase implies)S/dz—dS/dz' =0, which includes all peri-
estimated the experimental enveloB¢E) to be one of the odic orbits rather than just a small subset.
traces at?=0°, and have normalized the experiments using Finally, in order to simplify the integrals, it is assumed
the #=0°,B=4.9 T envelope. that

This procedure allows us to compare experimental results

with our calculated quantal periodic orbit amplitudes, which 2S
we also normalize to the corresponding theoretical period- 5| >B.
one oscillations at#=0°. Figure Zc) shows the resultant 4

reduced spectrumg=1,/G(E), which for /=0 gives

period-one oscillations of equal height. Hence, for other re- |n that case, the stability prefactor is found to have a
gimes we can attribute changes in the theoretical or experiimple analytic form]m,,| =2 wherem,,=dp,/dz, is an
mental reduced spectralg as being due to, essentially, off-diagonal element of the stability matrix. This is also quite
changes in either the accessibilly, or the stabilityM,. different from the Gutzwiller trace formula, where the trace
We estimate that uncertainties @(E) introduce an uncer- integral yields|det(M —1)| /2.

tainty of order 16-20% for V<<0.6 V and to less than a Note that the tunneling through the second barrier affects

factor of 2 forV>0.6 V. the relative PO amplitudes weakly, though it has a strong
effect on the global tunneling envelo@E). For the quan-
IV. SEMICLASSICAL THEORY tal and experimental currents, we evaluated the effects from

thel (V) traces ath=0° as described in Sec. Ill. The global
The derivation of the semiclassical theory is described irenvelopeG(E) was eliminated from our semiclassical, ex-
[16] for both a general current operator as well as the simplgerimental, and quantal results. The incoherent processes
Bardeen matrix element. Here we review its application toproduce simply an exponential damping teraexp(—«T)
the Bardeen matrix element only briefly and explain the mi-for a PO with periodT. Their effect is essentially to cut off

nor modifications required by our scaling. the contribution from longer orbits. Experimentally, only pe-
The current takes the form riod doubling or tripling is seen, which suggests that only
POs withT<4T, contribute, whereT, is the period of the
2 . A maint, orbit.
I(E)e : dz) ¢*(x,2) —-(x,2) In order to exploit fully the scaling property of the RTD,
we first write
(?(P* J 2
—¢i(X,z X,z o(E—E;), ~ .
hilx.2) 5o (x2) X:X—( ) S=BS(e)=27NYe).

where the initial state has the separable fd®h ¢(x,.2)  HereS=75/S,, S, is the approximate scaled actiontgffor
=x(X) $o(z) andx is a fixed point in the first barrier used §=0° and the scaled magnetic fieM, defined in Sec. II,
for the Bardeen matrix element. The sum over the states gives roughly the number of oscillations of the wave func-
was rewritten using the standard expression for the Greefion along thex dimension. We define alst, =mL(R

function at energ\e: +1/2)Be associated with the quantization alomgN, gives
approximately the number of Landau states supported by the

_ bi(X,2) ¥ (x",2") well. Both N and N, are a measure of effective™; N,
G(x,z;x",2"E) = |IW:)Ei E_Etie : determines the size of classical invariant phase-space struc-

tures on the surface of section relative tofanell and hence

is important in determining whether periodic orbits may be
In order to get the semiclassical current the Green functioonsidered isolated.

was replaced by its semiclassical form expressed as a sum Finally we write the current as a function bf instead of
over classical trajectoried going from (x,z) to (x,z'). Ne-  E. The final expression is
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R A synchronous bifurcation occurs for Mir=2 and a period-
I(N)=consi >, AScos2n{jNS—pu(j)/2], (2 doubling bifurcation occurs for M= —2. At these points,
= the semiclassical density of states given by the Gutzwiller
) trace formula diverges. Whether the semiclassical current
sc_ | bo(20)| itself diverges depends on the form of its weighting. The
Y mg( |7 semiclassical theory proposed h$6] diverges at points
wherem,,=0. Although the quantum current does not be-
the scaled action, thecome infinite (these divergences can be removed by use of
uniform approximations one might still expect the current
gmplitude to be enhanced substantially at a semiclassical di-
vergence. But the important point is that not all bifurcation
points | TrM|=2 coincide with divergences of the current,

whereS, u, and z, are, respectively,
Maslov index, and the initial position of a primitive P@

andj denotes its repetitions. We shall consider that the initial
state in the 2DEG is described by the lowest Landau level:

Q12 i.e.,my;=0 in this model. Conversely, not ath,;=0 points
bo(Z0) = 71re—Zoaz/Z , a=+\Bco¥ . ®) are bifurcations. For example, we have found two pofats
#=11°, e=1350 and 7050), which should diverge for the
_ _ o second repetition dfy sincem,,(2ty) =0. This occurs wher-
In scaled coordinates, the model is valid if ever TM(to) =0, sincemyy(2t,) =My (to) TrM(to) =0.

_ The experimental behavior if2] is dominated by the
9*S main 2-bounce periodic orbit$4 andt,), responsible for the

92,2 >1. period-one oscillations, and the 3-bounce orb8s gt 11° or

S’ at 6=27°) for the period-two oscillations, so we have

We discuss the validity of this assumption in Sec. VII. focused our detailed stability analysis on these four impor-
In Sec. VIl we compare‘\jsc with AJQM_ The point here is tant periodic orbits. Their shape in tlez plane is shown in
that a Fourier transform df N) with respect td\, done over Fig. 3(3.)' . .
. A LA In Fig. 3(b) we plotted the classical Poincaserrface of
a f'n'teN ranggé WOUId_ have peaks Whene\Sérfjs, _W'th section for6=27° taken on the emitter wal{x=0,p,>0}.
an amplitudeA™. In this way, we are able to identify and The equivalent SOS fof=11° were shown ifi6]. The fig-

compare contributions from primitive POs as well as their ¢ jjjystrates the fact that the classical dynamics, for given
repetltlons Period-one oscillations bfV) are due to POs 9, evolve from regularity to chaos withlecreasinge.

with S=1, while period-two oscillations are due to either the  \We see that for higle>17 000 there is a large island of
first repetition of a PO witt5=2, or the second traversal of stability centered on the main and shortest 2-bounce tybit

a PO withS=1. It undergoes two successive period-doubling bifurcations
and is unstable between them fox=13 000. The same hap-
pens atd=11°. The stability island of, shrinks gradually
and disappears in a tangent bifurcation leaving a “chaotic
sea” of unstable POs. Another prominent feature in Fig) 3

The objective here was not to carry out an exhaustivds the central stable island associated with the 3-bounce PO
study of the classical dynamics, which may be found7h  S’, which is born stable {= 18 050), loses its stability ¢
We concentrated on the few short POs that can be resolved 13 650), and disappears in a tangent bifurcation (
experimentally. =7750).

The stability of each individual PO is determined by its The second important factor that determines whether an
stability (monodromy matrix M. This matrix is obtained by orbit is experimentally visible is its accessibility. A neces-
investigating the linearized classical dynamics in the neighsary condition for a PO to be accessible is that its starting
borhood of the PO. More precisely, we define a slice ofpoint, the initialzy, corresponds to a non-negligible probabil-
phase spacga Poincare surface of sectid809] perpen- ity density of the initial state so
dicular to the PO. We consider a small initial displacement 5
8po from the PO on the SOS. The next intersection of the | o(20)| %~ e 2B o
perturbed trajectory with the SOS defines a new displace-
ment du, from the POM is given simply by the linearized should not be small. Neglecting the shift between the edge of

V. CLASSICAL STABILITY ANALYSIS
OF T AND S ORBITS

relation between the two displacements: the 2DEG anck=0 (a reasonable assumption fémot too
large the smallerz, is the more accessible the PO. An im-
op=M dug. portant feature to notice is that although the classical stability

does not depend dB for fixed e, the accessibility does, i.e.,
Details are given in the Appendix. For a stable orbit, theit may be said to béi dependent. Two weightings corre-
eigenvalues oM are complex quantities ex@grv), and de- sponding toB=1 T andB=6 T are plotted in the SOS for
fine the winding number of the periodic orbit. For an un- =20 000 in Fig. 8b). This B dependence of the weighting
stable orbit of periodl, the largest eigenvalue exX) de-  has interesting consequences in the regular torus quantization
fines the Liapunov exponeit regime as we will show in Sec. VIILI.
An orbit destabilizes when In Fig. 4 we can examine the relative importance of the
stability versus accessibility factors by comparing the trace
[TrM|=2. of the stability matrix TM with the initial positionz, for the
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main orbits.f=11° is shown in Fig. &) and#=27° in Fig. = =13 100). However, only the latter bifurcation has,;=0.
4(b) for thet andS orbits. In the TM plots, we indicate with TrM for the S; PO exhibits approximately a “saddle”
an arrow wheren,;=0. shape around= 3000, which corresponds to PD2. We refer

At =11° we see from T thatt, undergoes an “infi- to this feature as a “failed bifurcation”: for a small increase
nite” sequence of bifurcations alternating between periodin the energy-voltage rati® from 0.15 to 0.20, this saddle
doubling (TM=—2) and tangent (T =2) bifurcations. turns into an actual double bifurcation. In that case, we
An analysis of the infinite sequence was given[M. The  would getm,;=0 for two consecutives, and related diver-
plots of z, illustrate clearly the sequence of tangent bifurca-gences in the semiclassical current. Alggjs small and the
tions and one can identify ranges efwhere no real 2- accessibility is favorable. A reduction iR on the other hand
bounce(period-oneg orbit exists, principally belove=6500. would remove the saddle and hence weaken the period-
We see that the first period-doubling seen experimentallyloubling feature due t&,;. The dotted line shows the orbit
(PDY) is related to the double pitchfork bifurcation &f  born with S; at the tangent bifurcatione 2100). With in-
around e=13 000. The orbit crosses twice theMeE= —2 creasinge, this other orbit stabilizes and destabilizes very
line, when it destabilizes =12 800) and restabilizese( quickly so its contribution is negligible.
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At §=27° we see that the 3-bounce orit undergoes
two bifurcations where ™ =2: a tangent bifurcation at
=7750(T) and a pitchfork bifurcation a¢=13 650(P). In
addition it appears a¢=18 050 with TM =1.07 (C). This
has been termed a “cusp-bifurcation” Hy] (who found
many other examples in this problgrand is a nongeneric

tion.

FIG. 4. Evolution of classical properties of
the main POs withe. z, indicates the starting
position on the SOS, and the limits of the SOS
are shown(long-dashed lings All these orbits
start with Pz, =0. TrM indicates the trace of the
stability matrix. Synchronous (M =2) and pe-
riod doubling (TM=-2) bifurcations are
shown by the thin horizontal lines. PD indicates a
region corresponding to a significant experimen-
tal period doubling. The arrows indicate where
m,;=0. (8 #=11°. Fort orbits, thez, plot
shows the infinite set of tangent bifurcations in-
volving t, (stable, solid ling and t, (unstable,
dotted ling. The stability shows alternating
period-doubling and tangent bifurcations. PD1
corresponds to a 2-resonance of the period-one
orbit ty. For S orbits, PD2 corresponds to the
“failed” bifurcation of S;: a small increase in
injection energy tdR =0.2 brings about an actual
period-doubling bifurcatioridashed ling S; sta-
bilizes and then disappears in a tangent bifurca-
tion with another orbit(dotted ling at e=2100.

(b) 6=27°. Thez, of ty remains high throughout
the experimental range, which covers PD3. For
S’, we have a set of three bifurcatioffgtchfork
(P), cusp(C), and tangen(T)]. Only theT bifur-
cation hasm,;=0.

those ate=1350 and 7050 or found near the tangent bifur-
cations, which are much narrower than a sinigé oscilla-

This factor is common to regions PD1, PD2, and PDS3,
which otherwise have different dynamical origins: PD1 is a
double-pitchfork bifurcation ot,, PD2 is an isolated un-

type of bifurcation due to the nonanalytic character of potenstable orbit(albeit a “failed” bifurcatiorn), and PD3 is a set

tial. Over all this range, which corresponds to PRgjs not
too large. The period-doubling bifurcation &f occurring
around 13 000 is shown, where again, as for11°, my,;

goes to 0. However, the accessibility is very low sizgés

large.

of three consecutive bifurcatior(susp, pitchfork, and tan-
gend of the orbitS’. Their effects all persist over a wide
parameter range.

VI. EXPERIMENTAL ANALYSIS

We have identified many bifurcations, so the question re-

mains: why are only a few singled out as experimental pe-

In Sec. Il we described our procedure for extracting the

riod doublings? Provided an orbit is reasonably accessiblggure periodic orbit spectrum from the experimental data, by
the important characteristic is that the amplitude should stagubtracting the smooth term and normalizing to the0°

large over a significant interval f/B? (i.e., covering sev-
eral -V oscillations. Only then can an enhanced amplitude

tunneling envelope.
The resulting reduced experimental spectrafferl1° are

be resolved experimentally. In the present model this correshown in Fig. %a). We indicate in the experimental figure

sponds tam,, being small(not necessarily zejoHence we
find that the important requirement is a low slopewf, in a
region wheram, is small(not necessarily zejmver a broad

three parabolas of constaat 19 000, 6500, and 3000. The
arrows indicate thé — 0 limit. The figure illustrates how the
typical line profiles evolve witke and gives an indication of

parameter range. In general it also correlates with the orbithe validity of the scaling. Four distinct regions stand out:

being near stablETrM|~ 2. It excludes divergences such as

(1) A pure period-one region above the=19 000 pa-
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FIG. 5. Comparison between experimental
and theoretical line profiles a#=11° showing
effects of approximate scaling dynamica) Ex-
periment: set ofl-V traces (reduced current
showing characteristic line profiles roughly along
parabolas of constane=F/B?. The period-
doubling regions PD1 and PD2 are shown along
L 31 with the “ghost” region where the results are not

; due to a real PO. The arrows indicate the semi-
g classical limit.(b) Theory: smoothed theoretical

19000

13000(bif.)

10000

8000

6000(ghost)
w3000

2500

1000

spectra. The quantum numbhris proportional
L 26 to magnetic fieldB. The rangeN=12-42 corre-
sponds to voltage range G:1L.1 V. With de-
creasinge, right asymmetric profiles+ 19 000)
evolve into symmetric period-doubled profiles at
P21 the bifurcation. Below the tangent bifurcation
(~6500) the “ghost” has a weak sinusoidal pro-
file. PD2 is mainly due td5; but has substantial
period one interference, indicating thigtis still
16 accessible.

=
=z

Calc.

spectra g
(b)

I(N) (arb.units)
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rabola. (2) The PD1 period-doubling region. Here we seePDL1 is largely due to the increase in line broadening with
that the line profiles evolve systematically from right- voltage due to coupling with the continuum. With increasing
asymmetric, to symmetric, to left-asymmetric with decreasvoltage the period-doubling peak turns into a “shoulder”
ing €. (3) The region roughly in between the=6500 and and finally is absorbed by the main peak.
3000 parabolagi.e., in between PD1 and PDP2howing a For the PD2 region a¢<<3000 the characteristic line pro-
striking drop in the amplitude of the period-one modulations files change rapidly witke since they result from the inter-
There is also a rapid fall in amplitude with decreasing effecference between a period-ong)( and two separate period-
tive . We attribute this region to a “ghost” contribution two contributions (2, and S;) with rapidly varying
[18]. It results from a tangent bifurcation at=6500, which  amplitudes. Nevertheless one can identify typical profile
eliminatest,. (4) The PD2 period-doubling region is quite shapes over narrow ranges.
narrow and clearly shows interference with a period-one con- In both quantum and experimental spectra near 6000 we
tribution (partly from the ghost and partly from the reappear-see a period-one region with simple sinusoidal profiles which
ance oftg). decay rapidly with decreasing. The sinusoidal profile is
We emphasize that the striking “valley” in the amplitude expected from a ghost, since it has negligible harmonics.
due to the ghost appears only with our analysis, which reAlthough a period-one orbit does reappear near 4000 its con-
movesG(E), the tunneling envelopes(E) increases rap- tribution is weak as will be shown in Fig.(@ below. The
idly and monotonically with voltage and hence masks thequantum Fourier transform peak near period-one only corre-
underlying PO behavior, which in the ghost region decaysponds to the action of the real orbit below 3000.
with decreasind:. Figure 6 shows the equivalent picture fér=27°. The
In [6] we compared individual quantal and experimentalperiod-doubling region PD3 dominates these experiments.
I-V traces. Here we wish, instead, to systematically compar&he most striking aspect of that region is that despite four
our theoretical scaled quantum spectra with the experimentddifurcations being involvedthree forS’ and one for 2;)
line profiles along curves of constaat The objective is to PD3 appears as a broad, flat “plateau” of period-two oscil-
show that we can follow the locus of constantn the ex- lations. There is absolutely no evidence of a strong maxi-
periment, although the parabolas are a little distorted andhum that one might associate with a divergence in the semi-
displaced. classical current. Unsurprisingly, the scaled quantum spectra
We show in Fig. ) smoothed quantum line profiles (not shown hergproduce a pure period-two oscillation over
obtained in[6] along curves of constartat 11°. The theo- a range approximately equivalent to PD3.
retical spectra show characteristic line profiles, which are in

excellent agreement with the experimental profiles, albeit v RESULTS: QUANTUM AMPLITUDES VERSUS

somewhat displaced. For the first period doubliRipl) at SEMICLASSICAL AMPLITUDES
€=19 000-10 000, the change from a right-asymmetric to a _ _ _
left-asymmetric profile confirms the analysis [6]. The We evaluated the semiclassical amphtude&fco as a

period-doubling bifurcation coincides with the symmetric function of e for the main POs,,S,, andS’, taking only the

profile. In the experiment, it appears along an approximatelyirst or second repetition. The 2-bounce periodic orpiton-

linear locus close tae=10 000, instead of the parabola tributes to a period-one current, while its second repetition

=13 000 predicted by the classical dynamics and seen on thi,, as well as the 3-bounce PGg andS', contribute to the

guantum lines. period-two current. We compared the valuesASF with the
Figure Ha) also confirms how the high voltage cutoff of quantumA®CM within the experimental range ef
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All our calculated amplitudes are relative, so they must be
normalized. In the experimental and quantum case we nor-
malize our results to the period-one amplitud#at0° since
this is a pure period-one region. The experimental ampli-

08 r tudes were estimated by reading directly the peak heights of
the normalized spectra at applied voltage:-0.52 V in Fig.
5(a), the peaks whicHassumingV~FL) correspond most
§ closely to N~1/27. The semiclassical expression has no
0.6 1 S good #=0° limit, so the AS® were normalized by equating
z—géi;i & the quantal and semiclassical period-one current at the point
z%%»;::«;?;?-‘ €=1900, where the expression is most valid.
0.4 - 33?”%;:?3 2 The results are shown in Fig. 7. In general, we see that the

= 7 ? agreement between the quantal and semiclassical currents is
3%%;. SRRt qualitative at best.
et «}335‘3%3 : F|g_urg @ shows the period-one current fée=11°. T.he
0.2 e ;ﬁ’k‘gég}} 22 . guantitative agreement between the quantal calculation and
2.0 4.0 6.0 8.0 100 120 the experimental results is reasonable given the uncertainty
B(T) in V. So is the comparison betweér* and AV for the

FIG. 6. Experimental traces &@t=27° showing the broad “pla- rengn 6§30§0' t in th ion bet
teau” of period-doubled current corresponding closely to the range major disagreement appears in the region between

of the quantum maximum shown in Fig(cJ rather than the range =3000 ande=6500 where there is significant experimental
of the semiclassical current. This indicates that contribution is nofemd quantal period-one current but no significant semiclassi-

due to real PO over about half the experimental period-doubled@l current. As this gap appears below the tangent bifurcation
range(below e~ 8000 and above~ 18 000). which removeg,, we suggest that a “ghost” complex PO is

responsible for the current. However, a simple cubic normal
form treatment suggests that the ghost contribution would
~ . . . . decay too quickly to account for the very wide experimental
2 2 > - . . . . . .

|9°S/925°|>1 on which the semiclassical expression de region seen in Fig.(®). One possible explanation is that the
pends. We found that, unfortunately,ihroughout much of th%omplex part of the action of the ghost remains small
experimental range we investigat¢e’ S/dzy’|~1. The va-  throughout. Testing this hypothesis will require an investiga-
lidity of the assumption is especially poor over the regularion of the complex classical dynamics. The agreement be-
(high €) regime. It is reasonably satisfiet{S/9z,?|~10)  tween quantal and semiclassical current is very poorefor

We have investigated thoroughly the condition

for ty neare~2000. >7000 where has a large stable island. In fact it worsens
04 = ——-8C:t,
\ 5o QM:f, (a) FIG. 7. Comparison between quant@M),
03 \‘ % experiment - periodic orbit theory(SC), and experimental am-
0 l plitudes for period-one and period-two current.
02 r ¢ The vertical arrows indicate the position of im-
portant bifurcations(a) Period-one current af
0.1 =11°. The arrow indicates the tangent bifurca-
0.0 A ‘ ‘ ‘ tion, which removes the period-one orhig.
- 8000 10000 Down to e=3000 (the “ghost” region marked
2 20 by a horizontal arrowthere is no significant con-
= ——-8C:2t, (b) tribution from a real PO that can account for the
_E' 15 .- SQ?VlSit quantum or experimental results. Where there is a
Gl 1.0 L QM; S° large stability island é€>7000), the semiclassical
2 . 3 ! R formula breaks down completel{b) Period-two
205 S ———— = T=TT current at¢=11°. PD2 is due to the “failed”
“—1 A s bifurcation of S;, while PD1 coincides with the
£ 0.0 S ‘ - double pitchfork bifurcation oft,. Two diver-
« 20000 30000 gences of PO theory fortg at e=1450 ande
2.0 SC: § ®) =7050, wherem,,=0, are not seen in the QM
15 | =—a QM: §'&2t, © calculation. () Period-two current atg=27°.
S (T) i i (©) The large region PD3 is largely due 8, as the
1.0 | i R — accessibility ofty is very low for e<16 000.
7/ el Again, there are two regionse£8000 ande
05 - . Le— R, >18 000) where there is a quantal current, but no
T&\ Eal ﬁ\a\ﬂ\ contributing PO. The arrows indicate the three
0.0 HA=e ‘ —— R bifurcations ofS’, cusp(C), pitchfork (P), tan-
10000 20000 30000 gent(T).

F/B’ (a.u.)
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with increasinge. We shall investigate large islands of sta- for low € hence the moderate agreement shown in Hig. 7
bility in Sec. VIII. and 7b) for e<3000.

In Fig. 7(b) the period-two current fop=11° is shown. Interestingly, close to the synchronous bifurcation in Fig.
We see that PD2 is due to the “failed” bifurcation &.  7(c) at 27° the Gutzwiller formula has a very large strong
PD1, on the other hand, is associated with the double pitchdivergence, of which there is no sign in the amplitude “pla-
fork bifurcation oft,. Narrow semiclassical divergences of t€au” seen in both experiment and quantal currents. Hence
2t, occur ate=1450 ande= 7050, wheram,,= 0. These are the semlclasspal model .here, V\_/hlch has. no divergence ei-
not associated with bifurcations, and are not seen in the QNf1€r, does provide useful insight into the differences between
calculation. The tangent bifurcations tf at e=1350 and the behavior of the current and the density of states.

6550 also give rise to divergences in both period-one and

-two current, which do not manifest themselves in the QM VIIl. TORUS QUANTIZATION
spectra. This suggests that narrow divergences are not detect-The aim of this section is to understand the semiclassical
able for such largé . current in the RTD for a stable PO surrounded by a large

Figure 1c) shows the period-two current f@=27°. The  stable island. We know from Millef19] that for such a PO
guantal amplitudes are consistent with the wide experimentahe sum over repetitions appearing in the Gutzwiller density
period-two plateau of PD3 seen in Fig. 6. However, theof states will resolve discrete states: they are series of har-
period-two orbits are suppressed relative to the period-onmonic oscillatorlike levels with quantization conditi¢f9]
orbits by a factor~exp(—«Tp) by incoherent processes and S=2=wA[ m+ (K+ 1/2)v+ u/4], wherem represents quanti-
additionally by coupling to the continuum. We estimate thatzation along the orbit andl perpendicular to the orbit. That
the peak period-doubled experimental amplitudes -afe harmonic approximation yields quantum states localized on
times weaker than the peak quantum equivalei-ap.5 .  tori around the central PO.

Because of this added uncertainty we have not carried out a Equation(2) in effect attributes the same accessibility to

PD3 is almost entirely due t&' or its ghosts, as the accessibility from the state localized on the central fixed

n- point. Therefore we build the semiclassical current from a

accessibility ofty is too unfavorable. The semiclassical co ST o
sum of tori with different weighting:

tribution of 2t; to the period-two current is much less than

1% of S’ near 13 000. However, once again we find that 1

nearly half of the period-two region corresponds to a ghost. [(N)= >, Wid| N—=[m+(K+1/2) v+ /4]

There are two regionse 7750 ande> 18 000) where there K.m S

is a quantal current, but no contributing PO Sidisappears .

in a tangen{T) or cusp(C) bifurcation, respectively. In par- for a stable PO with rescaled acti&and winding number

ticular the cusp bifurcation a¢=18 000 is an interesting - The B-dependent weightinyVy for the Kth torus is the

feature, asS’ does not disappear through a generic bifurca-0veriap inz, between the injection state given by Eg) and

tion [Tr(M)=1.076 rather thanTr(M)|=2], but because the torus st{ate. The latter is a he_1rmon|c oscillatDd) in the

one of its legs reaches a discontinuity. This occurs where §th state with HO constarg= ysin(2mv)/m;,. We easily get

turning point on the energy surface turns into a specular 5 o2

bounce against the emitter wall. The other leg of the orbit W (1)= apla”— B e—(azﬁz/azwz)zg

strikes the central region and remains highly accessible to the 271K (a?+ B?)2

tunneling electrons. Diffractive corrections to the PO theory

may become important here. a’B )
8% = o

We do not show the period-one currents &+ 27°. The
only significant contribution occurs when there is a large
stable island and here the semiclassical model gives podWe note that in the integrable limite., e— or —0°) we
results. have B— =B cod. In that case, the torus states reduce

We now discuss the limitations of the semiclassicalsimply to displaced Landau states, centeredgrather than
model. Clearly any basic semiclassical model will fail in z=0. With that approximation, one gets
ghost regions and divergences since we have not included
normal forms or complex orbits. The semiclassical model azzé
fails for largee, in the regular regime and we investigate this Wi (2)= W(T
case in the next section.

Another cause for uncertainty is the moderate value of |n Fig. 8 we show a comparison between the quantum
effective 7 considered sinc&l~27. In comparable atomic spectrum and the tori expressiof) for e=20 000p=27°.
systems excellent quantitative agreement is obtained witve see that the modified expression gives very good agree-
semiclassical theories only for somewhat smaller values ofnent over the experimental range using a set of 8 Kori
i ~1/100. =0,1,...,7. ForachK, the torus series im in effect rep-

However, here we find that the main problem with theresents a period-one series, dephased from the next series by
model derives from the assumption thaf§/a202|>1. We  an amount proportional to. As B is increased the tunneling
have investigated this condition numerically and find that itelectrons scan different parts of the island selecting prefer-
is not at all valid in the stable regime. It is weakly satisfiedentially higherK (i.e., the outer toji Depending on the ex-

2

X [Hg (4)

_ZO

K
2.2
e w2, (5
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' ' ‘ would be inaccessible due to conservation of in-plane Lan-
1K=0/1 Quantum . dau quantum number. But the large displacement of the is-
- land ensures that this is not the case.[20] the sudden
] K=1/2 | broadening of the oscillations, which were attributed to the
1 / K=2/3 | large island appears even for 0° so they may be due to cou-

/ | pling with the continuum or some other cause.

The large stable islands also support states mainly local-
ized on outer “broken-tori” lying just beyond the confines
of a large stable island, in a regime where the harmonic
approximation should give poor results. We have generated
semiclassical torus spectra like Fig. 8, including one or two
tori just beyond the edge of the island, then Fourier trans-
. formed them to obtain new amplitudes to be compared with
Tori the quantum results.

A comparison between the amplitudes of the tori and the
quantum results is shown in Fig. 9. The agreement with QM
amplitudes is excellent for both Eq&l) and (5). At the bi-
furcation neare=13 000, Eq.(5) remains smooth whereas
Eq. (4) diverges. For these values 6f the region PD1 is
almost completely due to “dephasing” of torus states, with
no detectable contribution from the stable-unstable pair of
orbits born at the bifurcation. A substantial part of the im-
proved agreement is due to the wider torus envelope
~exd —(BZcos/2] whereas the isolated PO expression is

20 3.0 40 5.0 6.0 7.0 weighted by the narrower function exd —(Bzcosf)].
The agreement in Fig. (8) is surprising: the rise in
B(TeSla) period-doubled current at 27° in the range 20-60® 000 is

FIG. 8. Spectra foe=20 000 atf=27° in the torus quantiza- extremely well described by the tori of tln@island: Yet this
tion regime. The semiclassical spectra are weighted by 4€9ion was apparently dominated by the cusp-bifurcation or-
K-dependent weighting using a harmonic approximation about th&it S’ [see Fig. 7(c)]. This provides a striking illustration of
elliptic fixed point oft,. The Gaussian “envelopes,” reflecting the the fact that this system so frequently defies description in
variable accessibility of the different tori, are clearly seen. The reterms of isolated periodic orbits. It suggests that the ampli-
gions where the dominant torus changes are indicated. tude due to orbitS’ down to about 16 000 appears within

“quasitori” beyond the edge of thg, island.
perimental resolution relative to (i.e., the displacement be-
tv_veen tor) one can s_ometimes observe two torus series IX. SUMMARY AND CONCLUSIONS
simultaneously. In particular at the changeover between two
torus series they are equally favored by the tunneling elec- This work underlines the interest of the RTD, not only as

I(arb.units)

I(arb.units)

trons. ForB=a, this occurs at a probe of periodic orbit effects in a semiconductor device
but also as a probe of effects not due to real isolated periodic
2(K+1) orbits (bifurcations, complex orbits, tori, and broken tori,
= possibly diffractive orbits
Z,cosd We have calculated a set of reduced experimental spectra

that isolated the PO contributions to the current. In this way
At 27°, 2y=500 for all € hence theK=0/1 changeover oc- \ye were able to expose graphically features such as the ghost
curs atB=2 T, theK=1/2 changeover occurs &=4 T.  regjon at 11°. We calculated a set of accurate quantum cur-
The voltage range/=0.5 V is most favorable in terms of yent amplitudes, extending considerably the calculations in

resolution. In Fig. 1 we see two “jumps” in current for 27° [6]. These normalized amplitudes may be used to test im-
near2 and 4 T Corresponding to the band wherK & Q.)th provements to the semiclassical theory_

series takes over from theth one. These features are seen \We have tested the validity of the scaling by comparing

for all experiments in the 1431° range. At 11° the island is experimenta] and quanta| line prof”es a|ong conshaii?
more central so only thé&=0/1 changeover is visible. In  curves. Previously we had only considered amplitudes in in-
fact it is less obvious since it occurs within the large period-gividual I-V traces. The results demonstrate that the experi-
doubling region PD1. There the period-doubling bifurcationmental line profiles do remain roughly constant along
corresponds t& =0 andK=1 series, which are exactly  slightly distorted and displaced parabolas. Hence the scaling
out of phase since=1/2. analysis is a useful technique in many experimental regimes.
In [20] it was argued that the signature of a stable islandye conclude that three major factors affect ¥Wd? invari-
in this system is seen as broad period-one resonances. In fagice:(1) voltage dependence of the line broadening due to
it consists of discrete states spaced exactly B/aft, fora  coupling to the continuun) changes in the effective mass
given K series. In[20] states supported by the island were parameter with voltagé3) effective## dependencéi.e., B
equated with the original in-plane Landau states and sdependengedue to eitheM,, (e.g., exponential suppression
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FIG. 9. Quantalsame as in Fig.)7vs semiclassical comparison in the regular regime. The semiclagsica$ spectrum is obtained
from two models derived from Miller quantization of a large stable island. The solid line represents tori that are just displaced in-plane
Landau states witlB= /B cosd. For the broken line= \sin2rv/m,,. The torus quantization models agree well except at the bifurcations
wherem;,=0. This shows that the whole period-doubling region PD1 at 11° and the 1620000 range of PD3 are well accounted for
by the tori. Hence th&' orbit contribution is not well separated from thgisland of stability over part of the PD3 region.

ghosts with#) or to the accessibility. The latter suppresses aule may explain why so few POs dominate the current,

PO contribution exponentially witB cosfz, while many orbits are seen in FT’s of the density of states
We have analyzed previously unexplained “jumps” in (see[(?‘]) even allowing for accessibility constraints. Further

the period-one current in stable regions. We have showfXPeriments may be needed to target the regimes where such

these to be due to the dominant current-carrying state stefRits are not masked by,=0 orbits. _
ping up in theK =0,1,2 . . . torus quantum numbers. This work shows that the current is dominated by ghosts

We have introduced a very simple Miller-quantization ©V€" about half of PD3 as well as the whole of the region

model that gives excellent agreement with the quantum rel_aetween PD1 and PD2. Since the contribution of a ghost

sults. We conclude that any successful theory must as a prgggglnd tﬁgcizyvg;(trgumrelr){s{gplghl dv;/th :r'ﬁ;agcﬁlgms? i?rzfugr-
requisite obtain the Miller quantization behavior shown by y surp 9 b p P

X o tant question to be addressed in future work.
our torus model in the large I.'m't' . . Our calculations show that there are two especially sig-
We conclude that the semiclassical model we tested is NQfigicant pifurcations at 11°: the first period-doubling bifurca-
really valid in this expenmentill regime. It gives poor results, 5, (which produces PDland the tangent bifurcation
mainly since the conditiod®S/dzy?|>1 is not valid over  (which leaves a ghostThe second period-doubling bifurca-
most of our range. Further work indicates that it is possibleion of ty plays a weaker role but interferes slightly with the
to relax this conditiorf21] and hence to derive a more uni- S; contribution at lowe. In general, we note that most bifur-
versally valid formula, including the torus limit. cations are not detected, neither in the quantum calculation
The validity of this semiclassical theofgven in its gen- nor in the experiment. Only those bifurcations that produce
eralized form will hinge partly on the validity of theP, = an enhancement that spans sevérd oscillations (hence
=0 selection rule. It is in this aspect, perhaps, that the semhavem,;~0 over a broad region of), are easily seen ex-
classical theory of the current differs most from the perimentally. The “failed bifurcation” ofS; becomes an
Gutzwiller trace formula. actual bifurcation for a small increase of injection energy
To date none of the dozen or so studies of this system hagrom R=0.15 to R=0.2). Given uncertainties in experi-
provided convincing evidence of a contribution from an orbitmental parameters one cannot entirely rule out a bifurcation
with P,#0. We have not found any in the regimes we con-in the experiment. At 27° three bifurcations 8f are present
sidered though in many cases such orbits would not be rebut the current peaks at the synchronous bifurcatiore at
solvable from the main POs for whidP,=0. This selection =13 600.
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APPENDIX A: MONODROMY MATRIX

We consider an orbity(t) =(z,p,,X,pyx)(t) starting on a
surface of sectioSOS {x=d,p,>0} at a point%°, and
which hits the SOS again at time Writing u=(z,p2) the

coordinates on the SOS, we define the reduced monodromy

matrix M= (Mj;),i,j=1,2 by

O
0

Mij

(/LO;T)lx:d, E=cst (A1)

for a constant energlt. We consider a SOS taken on either
the left (d=0) or right (d=L) barrier. As we are interested
in periodic orbits, we shall consider EGA1) after a whole
period. We divide the trajectory ih continuous patrtial tra-
jectories between each successive bounce that occdr at
=0 or d=L. For each partial trajectory, we compute a
monodromy matrixVl ¥ k=1,..] given by relations similar
to Eq. (Al). The effect of each bounce is simply to redefine
new initial conditions forM . Finally,

|
M=]] M®,
k=1

Some care has to be taken when evaluating(Ed), as the

D. S. SARAGA AND T. S. MONTEIRO

oW
Mi1=<—$(zo,p2,><°,p2[ - GELA no:d]))
9z pg,xo,d,E
i

0
X

o
92°

+

0 40 0
P, Xo.py .7

(7°7) (n°57)

20,02 X0,

X

00
ﬁ[zo,pi’,x(’;E])
9z° 0 w0
p, X ,E
Wi aT
'(7)0;7)) (—0[---]) (A2)
7P 9z pg,xo,E,d

+_
or

and

] ) . (A3)
pg XO0.E

From (dx/d2°) (%% r)=0 for x=d=const, we find that

[(aX/ﬁZO)(' ")]pg,xo,pg;f

[(xIIT)(-+*)],p

|

0
9z )
P2 x0,p2 d

(A4)

conditionsx=d,E=const yield some dependence betweenand similarly for (@T/apg)[---])pgyxoypgvd. Finally, with

the argumentsZ’,p?,d,p?;7) of M. We have
E=const=p=pY2°,p? x%E]
andx(#%°; 7)=d that we solve numerically to get

=1 %d].

This means that EA1) is not evaluated wittp? and

7(7)=[(99/a7) (9%, 7)],p, ECs.(A2)~(A4) give

0

J i
2

Ipi IPx
Mip=—75(n+—5(1)—5
iz ap° gz

0

i X X  dp
=] SN+ 5D
X 9z apy 9z

|

constant. To see what happens, let us take an example witkthere the partial derivatives are now without any ambiguity.

j=1. We have

M,, is given by the obvious replacement 2% by pg.
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